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a b s t r a c t 

In this study, basic linear lumped elements such as springs and dashpots are used in nested linkage 

mechanisms in order to simulate the mechanical behavior of visco-hyperelastic materials. The proposed 

mechanism model containing two nested linkages can show initial softening followed by hardening re- 

sponse under quasi-static loading, which is commonly displayed by hyperelastic materials. Hence, mate- 

rial nonlinearity is simulated by geometric nonlinearity of the linkage mechanism. The mechanism also 

displays relaxation, hysteresis, and dynamic stiffness responses of viscoelastic materials with the help of 

dashpot elements. Visco-hyperelastic material behavior is closely approximated by the proposed mech- 

anism model for the four different test scenarios, i.e., quasi-static loading, ramp-and-hold loading, hys- 

teresis, and dynamic stiffness tests. It is shown that nonlinearity and frequency dependency of visco- 

hyperelastic materials is successfully captured. 

© 2020 Elsevier Ltd. All rights reserved. 
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. Introduction 

Visco-hyperelastic materials are widely used in various indus-

rial areas from automotive to medical applications. Passive vibra-

ion isolators and absorbers, and most of the damping systems are

ade of elastomers, rubbers, or other visco-hyperelastic materials.

n surgical training organs, and in some other medical applications,

isco-hyperelastic materials are used. As these materials possess

oth viscoelastic and hyperelastic features, their response under

ifferent loading conditions is complex. In order to fully describe

he structural response of the material, different loading scenar-

os need to be considered. The material exhibits nonlinear stress-

train response under quasi-static loading; typically it first soft-

ns, and then stiffens with increased strain. The material shows

ysteresis response when subjected to loading and unloading cy-

les. Relaxation response is elicited with a ramp-and-hold loading.

ynamic (frequency-dependent) stiffness response is obtained by

yclic loading at varying frequencies. These four main characteris-

ics of visco-hyperelastic materials need to be considered to model

heir mechanical behavior in typical applications. 

Visco-hyperelastic materials exhibit different stiffness responses

uring loading and unloading. Because the stress-strain curves dur-

ng loading and unloading are different, thus, the area under the
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urve is different. The material absorbs energy in each load cycle,

hich is called “hysteresis”. Damping of vibrations in viscoelas-

ic material systems occurs due to hysteresis. Many researchers

 Abe et al., 2004 ; Agoras et al., 2009 ; Bergstrom and Boyce, 1998 ;

uhan et al., 2015 ; Khajehsaeid et al., 2013 ; Mansouri and Dar-

jani, 2014 ; Rey et al., 2014 ; Vieira et al., 2014 ) studied hy-

erelastic structural response as well as hysteresis behavior of

isco-hyperelastic materials under quasi-static loading. Constitutive 

quations and analytical formulations were developed to describe

onlinear hyperelastic response. In these studies, material nonlin-

arities were accounted for by defining nonlinear material proper-

ies in constitutive models or using nonlinear elements in rheolog-

cal models like nonlinear springs and dashpots. 

Stress relaxation response of viscoelastic materials under

amp-and-hold loading was also extensively studied in the lit-

rature ( Bergstrom and Boyce, 20 0 0 ; Bhuiyan et al., 20 09 ;

rozdov, 1997 ; Feng and Gan, 2002 ; Muliana et al., 2016 ;

ellicer and Morales, 2004 ; Saitoh, 2012 ; Tam et al., 2015 ;

ang and Han, 2013 ). In this loading scenario, following a quickly

pplied compressive strain, the specimen is kept at constant strain.

he magnitude of the stress drops with a decreasing rate and

eaches a steady value in the long run. Relaxation behavior varies

ith material type, sample geometry, loading rate, applied strain,

emperature, humidity, and composition ( Wang and Han, 2013 ).

he analytical rheological models and the numerical models based

n linear springs and dashpots can mimic relaxation response

https://doi.org/10.1016/j.ijsolstr.2020.02.035
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Fig. 1. The proposed mechanism model that mimics the mechanical behavior of visco-hyperelastic materials. 
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as well as dynamic stiffness response, but not nonlinear hyper-

elastic response. Only by using nonlinear springs and dashpots,

a few models ( Bergstrom and Boyce, 20 0 0 ; Bhuiyan et al. 2009 ;

Drozdov, 1997 ; Tam, 2015 ) account for visco-hyperelastic material

response in both quasi-static and ramp-and-hold test scenarios. 

Visco-hyperelastic materials under dynamic loading exhibit in-

creasing stiffness response with an increase in frequency due to

material damping. Dynamic stiffness response of visco-hyperelastic

materials was investigated usually via constitutive models or

rheological models using linear elements. ( Carleo et al., 2017 ;

Iniguez-Macedo et al., 2019 ; Renaud et al., 2011 ; Wollscheid and

Lion, 2013 ; Zoffoli et al., 2017 ) In some studies ( Bhuiyan et al.,

2009 ; Lewandowski and Chorazyczewski, 2010 ; Osterlof et al.,

2014 ; Xu et al., 2018 ) complex elements such as frequency depen-

dent springs and dashpots are used to capture the dynamic re-

sponse more closely. 

Some researchers developed analytical models for material re-

sponses under two different loading conditions such as quasi-static

response and creep recovery ( Muliana et al., 2016 ), relaxation and

hysteresis response ( Bergstrom and Boyce, 1998 ; Drozdov, 1997 ;

Vandenbroucke et al., 2010 ), hysteresis and dynamic-stiffness re-

sponse ( Rendek and Lion, 2010 ) and quasi-static, relaxation, and

dynamic-stiffness responses ( Kamaruddin et al., 2017 ). In some

studies ( Acar and Yilmaz, 2013 ; Hegde and Ananthasuresh, 2012 ;

Kim et al., 2014 ; Yilmaz et al., 2007 ; Yilmaz and Hulbert, 2010 ;

Yuksel and Yilmaz, 2015 ), responses of various structures were in-

vestigated by using linkage mechanisms to model their frequency-

dependent response or structural response, but these studies did

not focus on visco-hyperelastic materials. In some other studies

( Holecek and Moravec, 2006 ; Natsupakpong and Cavusoglu, 2010 ;

Noborio and Oohara, 2009 ; San-Vicente et al., 2012 ), material mod-

els were developed with lattice structures composed of linear

lumped elements. As the lattice deforms, orientations of the linear

elements significantly change with respect to each other because

of the geometry. Hence, nonlinear material response can be simu-

lated by the geometric nonlinearity of the lattice structure. These

studies considered only a single test scenario such as quasi-static

tension or compression. 

In this study, a mechanism-based model is developed using a

small number of parameters to represent the complex mechanical

behavior of visco-hyperelastic materials. In the proposed model,

the mechanism contains only rigid links and linear lumped ele-

ments, i.e., springs and dashpots. Material nonlinearity is simulated
 v
y geometric nonlinearity of the linkage mechanism, while in the

revious models this is mostly achieved by defining nonlinear ma-

erial properties or using nonlinear spring or dashpot elements. In

he literature, different models were proposed for different loading

onditions to simulate the response of visco-hyperelastic materials.

or instance, the commonly used Maxwell, Generalized Maxwell,

elvin-Voigt, Standard Linear Solid and Burgers models are capa-

le of displaying relaxation response and/or dynamic stiffness re-

ponse, but they cannot show nonlinear softening-hardening be-

avior in quasi-static loading. In contrast, the mechanism-based

odel proposed in this study can mimic the nonlinear force-

isplacement, stress relaxation, hysteresis, and dynamic stiffness

haracteristics of visco-hyperelastic materials with the same pa-

ameter values. As far as the authors know, there is no mechan-

cal model in the literature that can mimic the response of visco-

yperelastic materials under these four loading scenarios. 

. The mechanism model 

The mechanism model that will be used to mimic the mechan-

cal behavior of visco-hyperelastic materials includes two nested

arallelogram linkages as shown in Fig. 1 . The inner and outer

oops are connected by two pin joints. The opposite joints of the

nner loop are connected by springs having stiffness k hs and k vs .

dditionally, parallel to these springs ( k hs and k vs ), serially con-

ected springs and dashpots are used with stiffness and damping

oefficients k h , c h and k v , c v respectively. k hs , k h and c h form a stan-

ard linear solid (SLS) model arm in horizontal direction, whereas

 vs , k v and c v form another one in vertical direction. These two

LS model arms are displaced at different rates due to the nonlin-

ar geometry of the mechanism. The movement of the right-most

oint is restrained and load is applied to the left-most joint along

he x -direction. The inner mechanism loop has shorter links ( L i <

 o ). Consequently, β( t ) is always greater than α( t ) for any value of

he input displacement u ( t ). Moreover, the mechanism has one de-

ree of freedom. Given the displacement of the left joint ( u ( t )) and

he initial configuration of the mechanism, its mechanical response

an be completely determined. 

Dynamic analysis of the proposed model is performed analyt-

cally. Horizontal displacement ( u ) of the left side of the nested

echanism is the only generalized coordinate of this single-

egree-of-freedom mechanism. The vertical displacements v 1 and

 , the horizontal displacements u and u and the angles α and β
2 1 2 
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Fig. 2. (a) Vertical spring and outer four-bar linkage, (b) horizontal spring, inner and outer four-bar linkages, (c) Horizontal and vertical springs, inner and outer four-bar 

linkages. (d) Effect of vertical spring as softening response, (e) effect of horizontal spring as hardening response, (f) combined effect of horizontal and vertical springs as 

initial softening and later hardening response. Response is obtained for 10 mm compression with parameter values given in Table 1 . 

Table 1 

The reference configuration for the proposed model. 

k hs (N/mm) k h (N/mm) c h (Ns/mm) k vs (N/mm) k vs (N/mm) c v (Ns/mm) L o (mm) L i (mm) α (deg) 

10 10 10 10 10 10 100 35 7 
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an be obtained in terms of u . Auxiliary points are added between

 h and c h , and k v and c v with displacements u p and v p , respectively

s shown in Fig. 1 . Hence, there are two more degrees of freedom

f this system when the coupling points are considered. 

First, the relations between the geometric parameters are de-

ived. The current length of the mechanism is equal to the distance

etween the left most joint and the origin. The horizontal length

f the system is � and its initial value is � i . The angle of the outer

inks, α, is related to u and the length of the outer links, L o , as 

 = � i − u = 2 L o cos α (1)

As the input displacement ( u ) increases, the length of the

echanism decreases with a rate given by 

d� 

dt 
= −du 

dt 
(2) 

Solving for α in Eq. (1) , one obtains 

= co s −1 
(

� 

2 L o 

)
(3) 

β should be larger than α and it can determined by the follow-

ng equation 

inβ = 

L o 

L i 
sinα (4) 

Substituting α in Eq. (3) into Eq. (4) and using the following

elation 

in 

(
co s −1 ϕ 

)
= 

√ 

1 − ϕ 

2 (5) 

β can be expressed as 

= si n 

−1 

( 

L o 

L i 

√ 

1 −
(

� 

2 L o 

)2 

) 

(6) 

The positions of the inner link joints, x 1 , x 2 , their displacements

 1 , u 2 , and their first time derivatives are calculated as follows 

 1 = −L o cos ( α) − L cos ( β) (7) 
i 
Substituting Eq. (3) and Eq. (6) into Eq. (7) and making use of

q. (5) , Eq. (7) becomes 

 1 = −1 

2 

(
� + 

√ 

� 2 − 4 L o 
2 + 4 L i 

2 
)

(8) 

Then, u 1 and ˙ u 1 can be calculated as 

 1 = x 1 − x 1i = −1 

2 

(
� + 

√ 

� 2 − 4 L o 
2 + 4 L i 

2 
)

+ 

1 

2 

(
� 0 + 

√ 

� 0 
2 − 4 L o 

2 + 4 L i 
2 
)

(9) 

˙ 
 1 = − ˙ � 

2 

− 1 

2 

� ˙ � √ 

� 2 − 4 L o 
2 + 4 L i 

2 
(10) 

Similarly, x 2 , u 2 and ˙ u 2 are derived as 

 2 = −L o cos ( α) + L i cos ( β) (11) 

 2 = x 2 − x 2i = −1 

2 

(
� −

√ 

� 2 − 4 L o 
2 + 4 L i 

2 
)

+ 

1 

2 

(
� 0 −

√ 

� 0 
2 − 4 L o 

2 + 4 L i 
2 
)

(12) 

˙ 
 2 = − ˙ � 

2 

+ 

1 

2 

� ˙ � √ 

� 2 − 4 L o 
2 + 4 L i 

2 
(13) 

The positions of the upper and lower joints, y 1 and y 2 , are given

s 

 2 = −y 1 = L o sin ( α) (14) 

Substituting Eq. (3) and making use of Eq. (5) , Eq. (14) becomes

 2 = −y 1 = 

1 

√ 

4 L o 
2 − � 2 (15) 
2 
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Fig. 3. The effects of (a) k vs , (b) k hs , (c) α0 , and (d) L i on the response of the mechanism under quasi-static loading. The blue dashed-dotted line represents the response of 

the reference configuration. 
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Moreover, v 1 , v 2 , ˙ v 1 and 

˙ v 2 are derived as 

v 2 = −v 1 = 

1 

2 

√ 

4 L o 
2 − � 2 − 1 

2 

√ 

4 L o 
2 − � 0 

2 (16)

˙ v 2 = − ˙ v 1 = −1 

2 

� ˙ � √ 

4 L o 
2 − � 2 

(17)

The Maxwell arms of the inner mechanisms are composed of

serially connected spring and dashpot elements ( k h and c h ; k v and

c v ). The total extension in the horizontal Maxwell arm, u t , is given

by the difference between the horizontal displacements u 1 and u 2 ,

which is also equal to the sum of the extensions of the spring and

dashpot ( u s and u d ) as 

u t = u 2 − u 1 = u s + u d (18)

A negative value of u t indicates contraction of the Maxwell arm.

Moreover, time derivative of u t can be obtained as 

˙ u t = 

˙ u 2 − ˙ u 1 = 

˙ u s + 

˙ u d (19)

The resistive forces of the spring and damper, F s and F d , due to

their extension or contraction are equal to each other, since they

are connected in series. For the horizontal Maxwell arm, the forces

are as follows 

F s = F d or k h u s = c h ˙ u d (20)

Rearranging Eq. (20) gives 

k h 
c 

u s = 

˙ u d (21)

h 
Substituting Eq. (21) in Eq. (19) gives 

˙ 
 t = 

˙ u s + 

k h 
c h 

u s (22)

Eq. (22) can be rewritten as 

 

k h 
c h 

t d u s 

dt 
+ 

k h 
c h 

u s e 
k h 
c h 

t = 

˙ u t e 
k h 
c h 

t 
(23)

Then, it can be solved as 

 d 

(
u s e 

k h 
c h 

t 
)

= ∫ ˙ u t e 
k h 
c h 

t 
dt (24)

Considering the initial condition as u s (0) = 0 and taking the

ntegral using time increments of �t , change in the length of the

pring, u s , and its rate, ˙ u s , at time t = i �t is obtained as 

 s ( i�t ) = 

˙ u t ( i�t ) c h 
k h 

− ˙ u t ( ( i − 1 ) �t ) c h 
k h 

e 
− k h 

c h 
�t + u s ( ( i − 1 ) �t ) e 

− k h 
c h 

�t 

(25)

˙ 
 s ( i�t ) = 

˙ u t ( ( i − 1 ) �t ) e 
− k h 

c h 
�t − k h 

c h 
u s ( ( i − 1 ) �t ) e 

− k h 
c h 

�t 
(26)

Eqs. (25) and (26) can be explicitly calculated (for i = 1,2, …, n )

y using a predefined time step ( �t ). Vertical displacement can be

btained using a similar procedure. Total force on the left side of

he mechanism can easily be determined using the trigonometric

elations in Eq. (27) 

 t ( t ) = ( k u t ( t ) + k u s ( t ) ) tan β( t ) cot α( t ) 
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Table 2 

Parameters used in Fig. 5 . 

k hs (N/mm) k h (N/mm) c h (Ns/mm) k vs (N/mm) k vs (N/mm) c v (Ns/mm) L o (mm) L i (mm) α(deg) 

Single SLS 1 10 10 3.4 – – – 100 35 7 

Single SLS 2 10 12 0.5 – – – 100 35 7 

Double SLS 6 10 0.15 6 7 3 100 35 7 

(a) (b)

Fig. 4. (a) Single SLS element in the mechanism, (b) double SLS elements in the mechanism. 

Fig. 5. The effect of different SLS configurations on relaxation response after 8 mm 

compression applied in 0.05 s. The parameter values are given in Table 2 . 
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+ w ( k v s v t ( t ) + k v v s ( t ) ) cot α( t ) (27) 

These calculations are conducted in MATLAB. Moreover, the

ame mechanism is formed in MSC ADAMS and exactly the same

esults are obtained for the four test scenarios (quasi-static, ramp-

nd-hold, hysteresis and dynamic stiffness). Hence, the MATLAB

odel is verified. As the MATLAB model is more time efficient, op-

imization studies regarding test data correlation will be conducted

n MATLAB. 

. Parametric studies 

The external loading is applied to the left-most joint as dis-

lacement, u ( t ); the resistive force of the mechanism F t ( t ), to this

ovement is calculated using the analysis explained in the previ-

us section. The mechanical response of the mechanism as force

ersus displacement, time, or frequency is examined for differ-

nt parameter values, i.e., stiffness coefficients k hs , k vs , k h and k v ,

amping coefficients c and c v , lengths of inner and outer links
h 
 i and L o and the initial angle of the outer link α0 . A parametric

tudy is conducted in order to see how the individual parameters

ffect the mechanical response in four different testing scenarios

nd how they contribute to the simulation of visco-hyperelastic

aterial behavior. The parameter values of the reference configu-

ation of the system are given in Table 1 . The mechanical response

f the mechanism is examined by varying a single parameter and

eeping the others constant. 

Hyperelastic materials exhibit nonlinear mechanical response

nder quasi-static loading. In early phases of loading, the mate-

ial shows softening behavior with increasing strain due to reori-

ntation and alignment of polymer chains along the loading di-

ection ( Bergstrom and Boyce, 1998 ). This softening behavior re-

eals itself mostly in polymers containing reinforcing agent (car-

on black) ( Bergstrom and Boyce, 20 0 0 ; Ren et al., 2015 ). At in-

ermediate stages of loading, stiffening behavior dominates due to

tretching of free polymer chains. The proposed mechanism model

an exhibit this characteristic behavior. Fig. 2 shows the individual

ffects of a vertical spring, a horizontal spring as well as their com-

ined effect. In this figure, k h , k v , c h and c v are not included since

he force on them will be zero due to very slow loading rate. As

t can be seen in Fig. 2 a and d, vertical spring ( k vs ) imparts soft-

ning behavior under quasi-static loading scenario whereas hori-

ontal spring ( k hs ) imparts hardening behavior (see Fig. 2 b and e).

 combination of vertical and horizontal springs (see Fig. 2 c and

) provides an initial softening response followed by a hardening

esponse as seen in various elastomers. 

During quasi-static loading scenario, the most effective param-

ters are observed to be k vs , k hs , and α0 . As shown in Fig. 3 a,

he stiffness of the vertical spring k vs , controls the initial soften-

ng behavior of the system. In early phases of loading, the slope of

he force-displacement curve, i.e. the stiffness of the mechanism,

ecreases with increasing displacement. This behavior becomes

ore apparent with higher values of k vs . The horizontal spring, on

he other hand, contributes mainly to stiffening response in later

tages of loading (See Fig. 3 b). The initial angle of the outer links,

0 , is an effective parameter on the stiffening behavior at the later

tages of the loading as seen in Fig. 3 c. As it is seen in Fig. 3 d, L i 
ainly affects the later parts of the loading. The characteristics of

he response can be adjusted by changing the values of k vs , k hs , α0 

nd L i . The nested links together with the horizontal spring pro-
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Fig. 6. The effects of (a) k hs , (b) k vs , (c) k h , (d) k v , (e) c h , (f) c v , (g) L i , and (h) α0 on the relaxation response of the mechanism under ramp-and-hold loading. The blue 

dashed-dotted line represents the response of the reference configuration. 
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vide nonlinear stiffening response because of the geometric non-

linearity of the system. The other parameters do not significantly

affect the overall response in quasi-static loading. 

Viscoelastic materials exhibit stress-relaxation response due to

realignment of polymer chains after an applied deformation. This

deformation characteristic varies mainly with the material com-

position, excitation velocity, and amplitude. Under ramp-and-hold

loading, relaxation response is generally not uniform with a fast

drop at the beginning followed by gradual relaxation. In order to
imulate this characteristic behavior, the mechanism architectures

n Fig. 4 are considered. Fig. 5 shows the relaxation response of

ifferent mechanism designs due to 8 mm compression applied in

.05 s followed by one-second relaxation time. By choosing dif-

erent values for the spring rate, k h , and the damping coefficient,

 h , in the single SLS models (see Table 2 ), fast and slow relaxation

ates are realized while the maximum force and steady state force

evels remain nearly the same. The combination of horizontal and

ertical SLS elements provides about the same maximum force and
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Fig. 7. The effects of (a) k hs , (b) k vs , (c) k h , (d) k v , (e) c h , (f) c v , (g) L i , and (h) α0 on the hysteresis behavior of the mechanism. The blue dashed-dotted line represents the 

response of the reference configuration. 

t  

s  

a  

i  

s  

d  

t

 

c  

(  

a  

g  

t  

t  

v  

e  

g  

T  

r  

t  
he steady state force levels, but a different relaxation response. As

een in Fig. 5 , the double SLS provides a similar relaxation rate

s single SLS 2 in the early phases of the relaxation; but changes

ts characteristics such that the relaxation rate is similar to that of

ingle SLS 1 in the later stages of relaxation. Therefore, by using

ouble SLS, different relaxation characteristics of viscoelastic ma-

erials can be simulated that cannot be simulated by a single SLS. 

Relaxation curve of viscoelastic materials is generally a

omplex curve that cannot be expressed with a single-term

 Ciambella et al., 2010 ; Oman and Nagode, 2014 ). This is why an-
lytical studies ( Vandenbroucke et al., 2010 ; Wang and Han, 2013 )

enerally use exponential formulations with minimum two terms

o model relaxation response. The mechanism model proposed in

his study includes two SLS elements positioned horizontally and

ertically, which provide different relaxation rates due to differ-

nt set of parameters ( k hs , k h , c h vs k vs , k v , c v ), and parameters for

eometric nonlinearity of the mechanism ( L o , L i , αo ). As seen in

able 1 , there are nine parameters that can be changed to tune the

esponse of the mechanism model. In order to see the effects of

hese parameters on the relaxation response, 8 mm displacement
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Fig. 8. The effects of (a) k hs , (b) k vs , (c) k h , (d) k v , (e) c h , (f) c v , (g) L i , and (h) α0 on the dynamic stiffness response of the mechanism under dynamic loading. k h is taken as 

100 N/mm, k v is taken as 3 N/mm and c v is taken as 0.3 Ns/mm for better comparison. Other values are from Table 1 . The blue dashed-dotted line represents the response 

of the reference configuration. 
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is applied to the left joint in 0.05 s, then the mechanism is kept at

that state for 10 s and the resistive force generated by the mecha-

nism is calculated for different values of these parameters. As seen

in Fig. 6 a and b, k hs and k vs influence the steady state response

of the system, while the amount of relaxation (the difference be-

tween the peak force and the steady-state force levels) and the re-

laxation rate remain the same. k h and k v mainly influence the start

point of the relaxation curve (See Fig. 6 c and d), whereas, c h and

c v influence the relaxation rate (See Fig. 6 e and f). L i and α0 af-

fect the steady state response without altering the relaxation rate

as seen in Fig. 6 g and h. 
Viscoelastic materials show different stress-strain responses

uring loading and unloading phases. The difference in force-

isplacement curves in loading and unloading phases gives rise to

nergy loss in each load cycle, which is called “hysteresis.” In order

o observe the effects of the system parameters on the hysteresis

esponse, the mechanism is compressively loaded and unloaded to

0 mm in 10 s. As seen in Fig. 7 a and b, k hs affects the stiffening

art of the hysteresis curve, whereas k vs affects the initial soften-

ng part and shifts the hysteresis curve. Similarly, k h mainly affects

he stiffening part of curve, while k v affects mainly the softening

art (See Fig. 7 c and d). However, as the loading and unloading
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Fig. 9. Comparison of the mechanism response and the material response reported by Bergstrom and Boyce (20 0 0) for (a) quasi-static loading and (b) hysteresis loading. 

Fig. 10. Comparison of the mechanism response and the material response reported by Ciambella et al. (2010) for (a) ramp-and-hold loading and (b) hysteresis loading. 
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ates are low, the effect of k hs and k vs are more pronounced then

 h and k v . On the other hand, k h and k v are more effective than

 hs and k vs in changing the amount of hysteresis. As seen in Fig. 7 e

nd f, c h mainly affects the end of the loading cycle (stiffening part

f the curve), whereas c v affects mainly the end of the unloading

ycle. Besides, both of these variables are effective in changing the

mount of hysteresis. Decrease in L i leads to a significant increase

n the resistive force in the stiffening part without changing the

ow-displacement characteristics (See Fig. 7 g). Notice that, for the

maller value of L i (34 mm) the inner mechanism tends to close

t large displacements which results in a highly nonlinear force-

isplacement response. Similar to L i , α0 also affects the stiffening

art of the curve, but its effect is less pronounced (compare Fig. 7 g

nd h). Furthermore, α0 changes the initial softening part of the

oading curve whereas L i has no effect on this part. 

In order to observe dynamic stiffness response of materials,

amples are repeatedly compressed and/or extended to the same

train with continually increasing frequencies. Visco-hyperelastic
aterials show higher stiffness at higher excitation frequencies.

ashpot elements in the proposed mechanism model impart this

roperty to the system. If the frequency is increased while keep-

ng the amplitude the same, the velocity increases; accordingly, the

esistance force generated by the dashpots increases and thus the

verall stiffness increases. Consequently, the proposed mechanism

hows increasing stiffness response with increasing frequency. In

rder to see the effects of the parameters on the dynamic stiffness

ehavior of the mechanism, it is repeatedly compressed by 1 mm,

hile increasing the frequency from 0 Hz to 100 Hz and the re-

istive force applied by the mechanism is used for calculating the

ynamic stiffness values. Fig. 8 shows the effects of the system pa-

ameters on the dynamic response. For the results in Fig. 8 , k h is

aken as 100 N/mm, k v is taken as 3 N/mm and c v is taken as

.3 Ns/mm for better comparison. Other values are from Table 1 .

hen k hs and k vs are increased, the overall response is shifted up-

ards without changing the stiffening characteristics (See Fig. 8 a

nd b). As seen in the Fig. 8 c and d, k and k v change the slope
h 



402 M. Umut Ozcan, C. Yilmaz and F.O. Sonmez / International Journal of Solids and Structures 193–194 (2020) 393–404 

Fig. 11. Comparison of the mechanism response and the material response reported by Oman and Nagode (2014) for (a) quasi-static loading and (b) ramp-and-hold loading. 
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of the curve without changing the starting point. k v is more domi-

nant due to the dimensions of the system and the small amplitude

excitation. c h is effective on the slope of the response mainly in

the intermediate and high frequencies without changing the ini-

tial point (See Fig. 8 e). c v is more effective at lower frequencies.

As seen in Fig. 8 f, larger values of c v lead to increased stiffness of

the mechanism at smaller frequencies as opposed to c h . L i shifts

the dynamic stiffness response of the system at intermediate and

high frequencies (See Fig. 8 g). As it is seen in Fig. 8 h, α0 shifts the

response without significantly altering stiffening characteristics. 

4. Comparison of test data and model response 

In order to see how well the mechanism simulates visco-

hyperelastic material behavior, the response exhibited by the

mechanism model is compared with the material response ob-

served in experiments. As mentioned before, visco-hyperelastic

material response in four test scenarios is simulated, which are

quasi-static loading, ramp-and-hold loading, hysteresis loading, and

dynamic loading. Unfortunately, no study in the literature simulta-

neously presents test data obtained under all these four different

loading conditions for a visco-hyperelastic material. Comparisons

are made with the studies that include two different loading con-

ditions simultaneously. 

In order to make comparisons, first, image-processing software

(GetData) is used to generate data points from the curves given

in previous studies. Then, the parameter values of the mechanism

model are optimized so that its response fits the test data. For this

purpose, objective functions are defined representing the differ-

ence between the measured material response and the calculated

model response. Each data point of the model response is sub-

tracted from the target data. These individual differences are used

for calculating the total error by summing their squares. The sum

of total errors of the two individual test scenarios are minimized

for reducing the difference between the model response and the

test results. The optimization problem formulation is given below

min f = 

n ∑ 

i =1 

( T 1 i − R 1 i ) 
2 + 

n ∑ 

i =1 

( T 2 i − R 2 i ) 
2 (28)

where R 1 i and R 2 i are the data points on the first and second re-

sponse curves obtained from two different test scenarios and T 
1 i 
nd T 2 i are the data points of the corresponding target curves,

espectively. Moreover, there are n data points on each curve. To

olve the optimization problem, lower and upper limits of the pa-

ameters are defined. Random values are chosen between these

imits to define the initial configuration of the mechanism as start-

ng point of the optimization. Two curve fits among four different

lternatives (quasi-static, ramp-and-hold, hysteresis, dynamic stiff-

ess) will be satisfied with the same parameter values. Nonlinear-

east square curve fit solver is used in MATLAB for the optimization

rocess. Trust-region-reflective algorithm is used to minimize the

bjective function. In order to eliminate worse local minima, the

ptimization process in repeated 750 times starting from randomly

hosen initial points. The strain values for the proposed mecha-

ism in below figures are calculated as the ratio of applied dis-

lacement to initial horizontal length of the mechanism. 

Bergstrom and Boyce, 20 0 0 provided quasi-static and hystere-

is loading test results for elastomers (chloroprene and natural

ubber with carbon black). The strain rate was 0.01/s for com-

ressive hysteresis loading. The material response is simulated by

he mechanism model with the optimized parameter values of

 hs = 0.00779 N/mm, k h = 0.0087 N/mm, c h = 0.0008 Ns/mm,

 vs = 0.0048 N/mm, k v = 13.1 N/mm, c v = 0 Ns/mm, L o = 100 mm,

 i = 35.1 mm, and αo = 7.211 ° for both loading cases. As seen in

ig. 9 , quasi-static response is closely approximated, while a small

eviation appears in the hysteresis response at the end of the load-

ng phase. 

Ciambella et al., 2010 provided ramp-and-hold and hystere-

is loading test results for a cylindrical carbon-black-filled rub-

er. The strain rate was 1.09/s for compressive hysteresis load-

ng and the duration of the compression was 0.7 s for ramp-and-

old loading. The material response is simulated by the mech-

nism model with parameter values of k hs = 0.01347 N/mm,

 h = 0.025 N/mm, c h = 0.1199 Ns/mm, k vs = 0.002688 N/mm,

 v = 0.002268 N/mm, c v = 0.0 0 054 Ns/mm, L o = 10 0 mm,

 i = 34.73 mm, and αo = 6.285 °. As seen in Fig. 10 , both ramp-

nd-hold loading and hysteresis loading scenarios are well simu-

ated with the proposed model. 

Oman and Nagode provided quasi-static and ramp-and-hold

oading test results for filled rubber ( Oman and Nagode, 2014 ).

he main purpose of that study was to understand the material

esponses under different loading scenarios of creep and stress-

elaxation tests. The material response is simulated by the present
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Fig. 12. Comparison of the mechanism response and the material response reported by Tarrago and Leif [Garcia Tarrago et al., 2007] for (a) hysteresis loading and (b) 

dynamic loading. 
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echanism model with parameter values of k hs = 0.00248 N/mm,

 h = 0.04518 N/mm, c h = 0.02036 Ns/mm, k vs = 45.33 N/mm,

 v = 5.686 N/mm, c v = 58.01 Ns/mm, L o = 100 mm,

 i = 99.54 mm, and αo = 84.43 ° under tensile quasi-static load-

ng and instantaneous tensile ramp-and-hold loading . As seen in

ig. 11 , the mechanism mimics the material response obtained in

uasi-static and ramp-and-hold tests quite well. 

Tarrago and Leif ( Garcia Tarrago et al., 2007 ) conducted a study

n carbon-black filled rubber bushings to reveal the effects of am-

litude and frequency on axial dynamic stiffness. The frequency

f the compressive hysteresis load was 0.1 Hz and the range of

requency for dynamic loading was 0–100 Hz. The first loop of

he hysteresis curves is used for comparison. The material re-

ponse is simulated by the mechanism model with parameter val-

es of k hs = 0.08245 N/mm, k h = 21.42 N/mm, c h = 26.2 Ns/mm,

 vs = 13.22 N/mm, k v = 2.993 N/mm, c v = 0.2359 Ns/mm,

 o = 100 mm, L i = 34.93 mm and αo = 7.263 °. As seen in

ig. 12 , the response of the mechanism model and the mate-

ial response in hysteresis and dynamic stiffness tests compare

ery well. 

. Conclusions 

A mechanism model is proposed to simulate the response

f visco-hyperelastic materials under quasi-static, ramp-and-hold,

ysteresis, and dynamic loading conditions. The geometric non-

inearity of the mechanism arising from the two nested four-bar

inkages is used to mimic material nonlinearity. Various paramet-

ic studies are conducted to show the versatility of the proposed

echanism model in capturing the response under the aforemen-

ioned four different loading conditions. Comparisons with the

xperimental results obtained in previous studies show that the

roposed mechanism model successfully represents nonlinear re-

ponses of visco-hyperelastic materials. 

Since a visco-hyperelastic material was not tested in the previ-

us studies by implementing all these four test scenarios on the

ame material, comparisons could only be made for the reported

ases. As a future study, rubber-like materials will be selected and

ested under these four loading conditions and the parameters of

he mechanism model will be optimized to fit the data in order to
how that the response of such a material under the four loading

onditions can be simulated by the mechanism model using the

ame set of parameter values. 

The mechanism model introduced in this study contains basic

tructural elements, i.e., links, linear springs, and dashpots. Hence,

t can be physically realized. It can be used in various applications

s a mechanical system behaving like a rubber. While exhibiting

he mechanical response of rubber, the system would not have the

ndesired properties of rubber like thermal degradation or aging.

onsidering that individual parts are easily replaceable, the mech-

nism can be tuned to obtain the desired response. 
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